In this paper we calculate explicitly the secular classical precessions of the node Ω and the perigee ω of an Earth artificial satellite induced by the static, even zonal harmonics of the geopotential up to degree l = 20. Subsequently, their systematic errors induced by the mismodelling in the even zonal geopotential coefficients J l are compared to the general relativistic secular gravitomagnetic and gravitoelectric precessions of the node and the perigee of the existing laser-ranged geodetic satellites and of the proposed LARES. The impact of the future terrestrial gravity models from CHAMP and GRACE missions is discussed as well.
Introduction
Recently, great efforts have been devoted to the investigation of the possibility of measuring some tiny general relativistic effects in the gravitational field of the Earth by analyzing the laser-ranged data to some existing or proposed geodetic laser-tracked (SLR) satellites.
The most famous experiment is that peformed with LAGEOS and LAGEOS II and aimed to the detection of the gravitomagnetic Lense-Thirring drag of inertial frames [Lense and Thirring, 1918; Ciufolini and Wheeler, 1995] in the gravitational field of the Earth [Ciufolini et al., 1998 ].
The analysis of the orbits of the LAGEOS satellites could allow also for the precise measurement of the gravitoelectric perigee advance [Ciufolini and Wheeler, 1995] in the gravitational field of the Earth [Iorio, 2002; Iorio et al., 2002a] . Moreover, the possibility of including also the data from other existing SLR satellites in these analysis is currently investigated [Iorio, 2002] .
The proposed LAGEOS III-LARES mission [Ciufolini, 1986] , whose original configuration is currently being reanalyzed in view of the inclusion of more orbital elements of various SLR satellites in the observable to be adopted, could be of great significance for both gravitomagnetic and gravitoelectric tests [Iorio et al., 2002a; 2002b] . Satellite laser ranging could be the natural candidate also for the implementation of a space-based experiment aimed to the detection of the so called gravitomagnetic clock effect [Mashhoon et al., 1999; Iorio et al., 2002c] , which is sensitive to the sense of motion of two counter-orbiting satellites along identical orbits. Finally, the well known ambitious Stanford GP-B experiment [Everitt et al., 2001 ] is scheduled to fly in fall 2002.
In all such performed or proposed experiments it is of the utmost importance to assess as much reliably as possible the error budget. Indeed, the terrestrial environment is rich of competing classical perturbing forces of gravitational and non-gravitational origin which in many cases are much more larger than the general relativistic effects to be investigated.
In particular, it is the impact of the systematic errors induced by the mismodelling in such various classical perturbations which is relevant in determining the total realistic accuracy of an experiment like those previously mentioned.
The gravitomagnetic and gravitoelectric effects of interest here are linear trends affecting the perigee ω and the node Ω of the orbit of a satellite and amounting to 10 1 -10 3 milliarcseconds per year (mas/y in the following). Such secular precessions can be measured by means of suitable combinations of the orbital residuals of the rates of the nodes and the perigees of different SLR satellites [Ciufolini, 1996; Iorio, 2002] . Such combinations can be written in the form
in which the coefficients c i are suitably built up with the orbital parameters of the satellites entering the combinations, the f i are the residuals of the rates of the nodes and the perigees of the satellites entering the combination, X GR is the slope, in mas/y, of the general relativistic trend of interest and µ GR is the solve-for parameter, to be determined by means of usual leastsquare procedures, which accounts for the general relativistic effect. For example, in the case of the Lense-Thirring effect X LT = 60.2 mas/y, while for the gravitoelectric perigee advance X GE = 3, 348 mas/y.
In this context the most important source of systematic error is represented by the secular classical precessions of the node and the perigee induced by the mismodelled even (l = 2n, n = 1, 2, 3, ...) zonal (m = 0) harmonics of the multipolar expansion of the terrestrial gravitational field, called geopotential. Indeed, while the time-varying orbital tidal perturbations Pavlis and Iorio, 2002] and non-gravitational orbital perturbations [Lucchesi, 2001] , according to their periods P and to the adopted observational time span T obs , can be viewed as empirically fitted quantity and can be removed from the signal, this is not the case of the even zonal classical precessions. Their mismodelled linear trends act as superimposed effects which may alias the recovery of the genuine general relativistic features.
Such disturbing trends cannot be removed from the signal without canceling also the general relativistic signature, so that one can only assess as more accurately as possible their impact on the measurement. The systematic error induced by the mismodelled part of the geopotential can then be viewed as a sort of unavoidable, lower bound of the total systematic error. Then, the combinations of eq. (1) must be suitably designed in order to reduce as much as possible such error. In particular, the coefficients c i are calculated in order to cancel out the contributions of the first even zonal mismodelled harmonics which, as we will see later, represent the major source of uncertainty in the Lense-Thirring and gravitoelectric precessions [Ciufolini, 1996; Iorio, 2002] . In this paper we calculate explicitly, up to l = 20, the expressions of the coefficients of the classical secular precessions on the node and the perigee due to the geopotential (section 2). In section 3 we work out the numerical values of these precessions for the existing SLR geodetic satellites and of LARES and compare them to the general relativistic effects. In section 4 we work out the explicit expression of the systematic error affecting the observables of eq. (1).
Section 5 is devoted to the conclusions.
The orbital classical precessions
Here we show the explicitly calculated coefficientṡ
andω
of the satellites' classical nodal and apsidal precessions due to the even zonal harmonics of the geopotential up to l = 20. Recall that J l ≡ −C l0 , l = 2n, n = 1, 2, 3... where the unnormalized adimensional Stokes coefficients C lm of degree l and order m can be obtained from the normalized C lm with
In it
For the general expression of the classical rates of the near Earth satellites' Keplerian orbital elements due to the geopotentialȧ class ,ė class ,i class ,Ω class ,ω class ,Ṁ class , see [Kaula, 1966] . The . This implies that in the summations
involved in the expressions of the classical rates we have considered only F l0 
The nodal coefficients
The nodal coefficients, proportional to
are (R is the Earth's mean equatorial radius) 
The perigee coefficients
The coefficients of the classical perigee precession are much more involved because they are proportional to
We can poseω .2n =ω a .2n +ω b .2n . The first set is given by (R is the Earth's mean equatorial radius) 
The second set is given by (R is the Earth's mean equatorial radius)
(1 − e 2 ) 4 7 4 sin (1 + 5e
2 ) (1 − e 2 ) 6 33 48 
The mismodelled classical precessions
The results obtained in the previous section can be used in working out explicitly the contributions of the mismodelled classical nodal and apsidal precessions up to degree l = 20 of the existing spherical passive laser-ranged geodetic satellites and of the proposed LARES. They are of the form δΩ (2n) =Ω .2n ×δJ 2n , n = 1, 2, ...10 and δω (2n) =ω .2n ×δJ 2n , n = 1, 2, ...10. The coefficientṡ Ω .2n andω .2n are worked out in section 2 and the values employed for δJ 2n = √ 4n + 1 × δC 2n 0 , n = 1, 2, ...10 are those quoted in EGM96 model [Lemoine et al., 1998 ].
From Tab. 2 it is interesting to note that for the satellites orbiting at lower altitudes than the LAGEOS satellites the impact of the mismodelled part of the geopotential does not reduce to the first two or three even zonal harmonics. It is confirmed by Fig. 1 and Fig. 2 . This feature is very important in calculating the error budget, especially if some combinations including the nodes of low-orbiting satellites are to be considered. Moreover, while for the LAGEOS family a calculation up to l = 20 is rather adequate, this is not the case for the other satellites for which the even zonal harmonics of degree l > 20 should be considered as well. In regard to this topic, the choice of the Earth gravity model becomes crucial because EGM96, for example, would be not particularly reliable at degrees higher than 20. The same considerations hold also for the perigee whose mismodelled classical precessions are quoted in Tab. 3. We have considered only LAGEOS II, Starlette and the LARES due to the extreme smallness of the eccentricity of the other satellites. Both from Tab. 2 and Tab. 3 the need of cancelling out the first two or three even zonal harmonics from the observable to be adopted, at least for those involving the 
The systematic zonal error
Here we expose how to calculate the systematic error due to the mismodelled even zonal harmonics of the geopotential for the combinations involving the residuals of the nodes and the perigees of various satellites.
In general, if we have an observable q which is a function q = q(x j ), j = 1, 2...M of M correlated parameters x j the error in it is given by
in which σ 2 j ≡ C jj and σ 2 hk ≡ C hk where {C hk } is the square matrix of covariance of the parameters x j .
In our case the observable q is any residuals' combination and N is the number of orbital nodal or apsidal residuals entering the combination. Recall that the coefficients c i may be either constant or depend on the orbital elements of the satellites entering the combinations through the coefficientsΩ .2n andω .2n worked out in section 2. Since
by putting eq. (43) in eq. (41) one obtains, in mas/y
The covariance matrix is that of EGM96 gravity model [Lemoine et al., 1998 ]. The percent error, for a given general relativistic trend and for a given combination, is obtained by taking 
claimed in [Ciufolini et al., 1998 ] has been obtained again. For the systematic error due to the even zonal harmonics of the geopotential of alternative proposed gravitomagnetic and gravitoelectric experiments, see [Iorio, 2002; Iorio et al., 2002a] .
A very important point to stress is that the forthcoming new data on the Earth's gravitational field by CHAMP, which has been launched in July 2000, and GRACE missions will have a great impact on the reduction of the systematic error due to the mismodelled part of geopotential. Indeed, they will yield, among other things, more accurately determined geopotential coefficients J 2n , especially those of high degrees whose relative accuracy is lower than that of the low degrees coefficients. From one hand, the observables based only on the LA-GEOS satellites should moderately benefit from such improvements because these satellites are relatively weakly sensitive to the remaining higher degree even zonal harmonics which are not cancelled out by the combined residuals. From the other hand, a reduction in δJ 2n might have sensible effects mainly on the lower-orbit satellites which, on the contrary, are more sensitive to the high degree even zonal harmonics. So, it would become more profitable than now their inclusion in the combined residuals in the sense that the systematic zonal error could become smaller than that in the case of LAGEOS only combinations [Iorio, 2002] .
In order to get an insight of what it might be the improvement due to the new Earth gravity models, in Tab. 4 and Tab. 5 we present the mismodelled nodal and apsidal classical precessions according to the very preliminary satellite-only solution EIGEN-1S obtained including 88 days of data from CHAMP available at http://op.gfz-potsdam.de/champ/results/grav/. 
Conclusions
The systematic error induced by the mismodelled static part of the geopotential is the major source of uncertainty in many tests of General Relativity to be performed in the gravitational field of the Earth via Satellite Laser Ranging. In this paper we have explicitly calculated the expressions of the coefficients of the classical secular precessions of the node and the perigee generated by the even zonal harmonics of the geopotential up to degree l = 20. Subsequently,
we have compared the mismodelled precessions, according to EGM96 gravity model, to the general relativistic gravitomagnetic and gravitoelectric secular trends affecting the same orbital elements. While for the LAGEOS family a calculation up to l = 20 is well adequate, for the other satellites orbiting at lower altitudes also the other harmonics of higher degrees should be considered. The future, more accurate terrestrial gravity models from CHAMP and GRACE missions will have a notable impact, especially on the low-orbit satellites. 
